Abstract. A (holomorphic) automorphism of an Enriques surface S is said to be numerically reflective if it acts on the cohomology group H 2 (S, Q) by reflection. We shall show that there are two lattice-types of numerically reflective involutions, and describe one type geometrically in terms of curves of genus 2 and Göpel subgroups of their Jacobians. (S, Q) by reflection, that is, the eigenvalue −1 is of multiplicity one. In this article, we shall study numerically reflective involutions as the next case of the classification of involutions of Enriques surfaces.
An automorphism of an Enriques surface S is numerically trivial if it acts on the cohomology group H 2 (S, Q) Q 10 trivially. By [MN] and [M06] , there are three types of numerically trivial involutions. An involution of S is numerically reflective if it acts on H 2 (S, Q) by reflection, that is, the eigenvalue −1 is of multiplicity one. In this article, we shall study numerically reflective involutions as the next case of the classification of involutions of Enriques surfaces.
We first explain an example, with which we started our investigation. Let C be a (smooth projective) curve of gnus 2 and J = J(C) be its Jacobian variety. As is well known the quotient variety J(C)/{±1 J } is realized as a quartic surface with 16 nodes in P 
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of P 3 leaves the quartic invariant and induces a (holomophic) involution of Km C, which we denote by ε G . As is observed in [Keu, §3] , ε G has no fixed points and the quotient (Km C)/ε G is an Enriques surface (Proposition 5.1 and Remark 5.3).
Projecting J(C)/{±1 J } from a node, we obtain a morphism of degree 2 from Km C to P 2 . The covering involution of the projection Km C → P 2 from (0 : 0 : 0 : 1), one of the four nodes, is given by (2) β : (x : y : z : t) → (x : y : z : q (yz, xz, xy) tq (x, y, z) ),
where we put The involution β commutes with ε G and descends to an involution of the Enriques surface (Km C)/ε G , which we denote by σ G . Our main purpose of this article is to characterize ((Km C)/ε G , σ G ) as an Enriques surface with an involution. The following was found in our study of numerically trivial involutions:
Let S be an Enriques surface andS the covering K3 surface of S. We denote the covering involution ofS/S by ε and the anti-invariant part of the cohomological action ε H
preserving a non-zero 2-form (Proposition 2.1).
If σ is numerically reflective, then the invariant part H(S, σ; Z) of
2). The above involution σ G satisfies the former (Proposition 6.5). The following is our main theorem:
Theorem 2. Let σ be a numerically reflective involution of an Enriques surface S such that H(S, σ; Z) is isomorphic to
The case of −4 ⊥ U (2) ⊥ U will be discussed elsewhere. A Jacobiam Kummer surface Km C is expressed as the intersection of three diagonal quadrics
for mutually distinct six constants λ 1 , . . . , λ 6 . Hence we have 10 fixed-point-free involutions, e.g., (x 1 : x 2 : x 3 : x 4 : x 5 : x 6 ) → (x 1 : x 2 : x 3 : −x 4 : −x 5 : −x 6 ), corresponding to the 10 odd theta characteristics of C. A Jacobian Kummer surface Km C has exactly 15 Göpel subgroups. A general Km C is expressed as the quartic Hessian surfaces in 6 ways ([H99] , [DK] ) and has 6 fixed-point-free involutions of Hutchinson-Weber type.
Conjecture 3. If the Picard group of J(C) is infinitely cyclic, then a fixed-point-free involution ε of Km C is conjugate to one of the above 31(= 10 + 15 + 6) involutions.
In the situation of the conjecture, ε commutes with the covering involution β, and the quotient group
is of order 4. Our proof of Theorem 2 shows that the conjecture holds true when this (abelian) group is of type (2, 2).
After a preparation on Kummer and Enriques surfaces in § §1 and 2, we compute the period of a numerically reflective involution in § §3 and 4. In §5, we construct a Hutchinson-Göpel involution ε G of a Jacobian Kummer surface from its planar description. In §6, we compute the period of the Enriques surface (Km C)/ε G more explicitly, and prove Theorem 2 using an equivariant Torelli theorem for Enriques surfaces (Theorem 2.3). 
Notations. For an abelian group
) and the discriminant form q Λ is essentially the cup product, that is, q Λ (ȳ) = (y ∪ y)/2 mod 2 for y ∈ H 2 (T, Z). Let P ⊂ T (2) be a subgroup of order 4, or equivalently, a 2-dimensional subspace of T (2) over the finite field F 2 . We put N P = a∈P N a ∈ Γ Km for a coset P of P ⊂ T (2) . We denote the Plücker coordinate of P
) and regard it as an element of Λ/2Λ. The following is known ( [BPV, Chap. VIII, §5] ):
Let (A, Θ) be a principally polarized abelian surface, that is, Θ is an ample divisor with (Θ
is equipped with a polarized Hodge structure. We denote it by H(A, Θ; Z). As a lattice it is isomorphic to −2 ⊥ U ⊥ U .
Proposition 1.3. A polarized Hodge structure of weight 2 on the lattice −2 ⊥ U ⊥ U is isomorphic to H(A, Θ; Z) for a principally polarized abelian surface (A, Θ). Moreover, such (A, Θ) is unique up to an isomorphism.
Proof. A Hodge structure of weight 2 on the lattice U ⊥ U ⊥ U is isomorphic to H 2 (T, Z) for a 2-dimensional complex torus T . Moreover, such T is unique up to an isomorphism and the dual ( [Sh] ). Our proposition is a direct consequence of these results. The Jacobian J(C) of a curve C of genus 2 is a principally polarized abelian surface. An involution γ of C is called bi-eliptic if the quotient C/γ is an elliptic curve E. E is embedded into J(C) as the fixed locus of the action of γ on J(C). The 2-torsion subgroup E (2) is a Göpel subgroup of J(C), and denoted by G γ . Definition 1.6. A Göpel subgroup G, or more precisely, a pair (C, G) is bi-elliptic if C has a bi-elliptic involution γ with G = G γ .
Involutions of Enriques surfaces
Let S be a (minimal) Enriques surface, that is, a compact complex surface with H 
Let σ be a (holomorphic) involution of S. σ is lifted to an automorphismσ of the covering K3 surfaceS. Its squareσ 2 is either the identiy or the covering involution ε. The latter is impossible since the order of σ divides χ(OS) = 2. Hence σ is lifted to two involutionsσ andσε of S.
An involution of a K3 surface is called symplectic (resp. anti-symplectic) if it acts trivially (resp. as −1) on the space H Let H(S, σ; Z) (resp. H − (S, σ; Z)) be the invariant (resp. the antiinvariant) part of the action of σ *
is endowed with a non-trivial polarized Hodge structure of weight 2, which we regard as the period of (S, σ). The lattice H − (S, Z) contains the orthogonal direct sum H(S, σ; Z) ⊥ H − (S, σ; Z) as a sublattice of finite index. More precisely, the quotient group
is 2-elementary. We call this quotient D σ the patching group of σ. The global Torelli theorems for K3 and Enriques surfaces are generalized to that for pairs of a K3 surface (resp. an Enriques surface) and an involution.
Theorem 2.2. Let (X, τ ) and (X , τ ) be pairs of a K3 surface and its involution. If there exists an orientation preserving Hodge isometry
Proof. If neither τ nor τ has a base point, this is the global Torelli theorem for Enriques surfaces. The proof in [BPV, Chap. VIII, §21] , especially its key Proposition (21.1), works in our general case too, as follows.
Let h be a τ -invariant ample divisor class of X and put h = α(h ). By our assumption, h is τ -invariant and belongs to the positive cone of 
Proof. LetS andS be the covering K3 surfaces. Each has an action of 
⊥ (4) or u(2) ⊥ (4).
Both A − and A + contains exactly one copy of Z/4Z as their direct summand. Let ζ ± ∈ A ± be the unique element which is twice an element η ± of order 4. We call (ζ − , ζ + ) ∈ A − ⊥ A + the canonical element. 
The patching group D σ is generated by the canonical element (ζ − , ζ + ) when it is of order 2. Proof. The proof is similar to the preceding lemma. Assume that (1) H(S, σ; Z) H(J(C σ ), Θ; Z)(2) as a polarized Hodge structure, and (2) the patching subgroup D σ is generated by the canonical element and an element (π − , π + ) such that π + is the Plücker coordinate of G σ .
Lemma 3.4. D σ is generated by the canonical element and an element
In the subsequent sections, we conversely construct a numerically reflective involutions σ G of an Enriques surface from such a pair (C, G) as above (Proposition6.4).
Hutchinson-Göpel involution
Hutchinson[H01] discovered the equation (1) and the automorphism ε G by means of theta functions. In this section we describe them in a more elementary manner.
Let C be a curve of genus 2 and J(C) its Jacobian. By the natural morphism Sym . Note that the double cover has 15 nodes over 15 intersections p i,j = l i ∩ l j , 1 ≤ i < j ≤ 6. These corresponds to the 15 non-zero 2-torsions of J(C). The minimal resolution of this double cover Sym 2 C is the Jacobian Kummer surface Km C.
Three nodes are called Göpel if they correspond to the three non-zero elements of a Göpel subgroup. More explicitly, a triple (p ij , p i j , p i j ) of nodes is Göpel if and only if all suffixes i, j, . . . , j are distinct. Hence the Göpel subgroups correspond to the decompositions of the 6 Weierstrass points of C into 3 pairs. Therefore, the number of Göpel subgroups is 15.
We now construct an involution of Km C for each Göpel subgroup G. The construction differs a lot according as the Göpel triple is collinear or not. First we consider the non-collinear case, which we are most interested in.
A birational automorphism ϕ : P The Cremona involution ϕ in the proposition is lifted to two involutions of Km C. One is symplectic and has eight fixed points over the four fixed points of ϕ. The other has no fixed points (Remark 5.3). We call the latter the Hutchinson involution associated with a Göpel subgroup G and denote by ε G . Since the covering involution β commutes with ε G , it induces an involution of the Enriques surface (Km C)/ε G , which we denote by σ G . Now we assume that a Göpel triple, say (p 14 , p 25 , p 36 ), lies on a line l. Let p be the point whose polar with respect to the conic Q is l andγ be the involution of P 
ofS has no fixed points. The K3 surfaceS has fourteen nodes and (Km C)/ε G is the minimal resolution of the Enriques surfaceS/ε G with seven nodes.
6. Period of (Km C)/ε G Returning to the case where (C, G) is not bi-elliptic, we compute the periods of the Enriques surface (Km C)/ε G and the involution σ G .
The Jacobian Kummer surface Km C is a double cover of the blow-up R of P 2 at the 15 points p ij , 1 ≤ i < j ≤ 6. The pull-back of H 2 (R, Q) has {h, N ij , 1 ≤ i < j ≤ 6} as a Q-basis, where h is the pull-back of a line and N ij is the (−2)P 1 over p ij . We assume for simplicity that the Göpel triple is (p 14 , p 25 , p 36 ). Let R be the blow-up P 2 at p 14 , p 25 and p 36 . The Cremona involution ϕ in Proposition 5.1 acts on the Picard group ofR by the reflection with respect to the (−2)-class l − E 14 − E 25 − E 36 , where E 14 , E 25 and E 36 are the exceptional curves. ϕ interchanges p i,j with p i+3,j+3 , and p i,j+3 with p j,i+3 for 1 ≤ i < j ≤ 3. Hence we have (x, y, z) . Choose a cubic curve D such that it passes the Göpel triple. Then the quartic curve s(x, y, z) = 0 is singular at the Göpel triple. By the Cremona symmetry, s(x, y, z) is a constant multiple of q (yz, xz, xy) . Hence the double cover Sym 2 C is defined by 
